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The effects of friction on the ion acoustic IA wave in fully and partially ionized plasmas are
studied. In a quasineutral electron-ion plasma the friction between the two species cancels out
exactly and the wave propagates without any damping. If the Poisson equation is used instead of the
quasineutrality, however, the IA wave is damped and the damping is dispersive. In a partially
ionized plasma, the collisions with the neutrals modify the IA wave beyond recognition. For a low
density of neutrals the mode is damped. Upon increasing the neutral density, the mode becomes first
evanescent and then reappears for a still larger number of neutrals. A similar behavior is obtained
by varying the mode wavelength. The explanation for this behavior is given. In an inhomogeneous
plasma placed in an external magnetic field, and for magnetized electrons and unmagnetized ions,
the IA mode propagates in any direction and in this case the collisions make it growing on the
account of the energy stored in the density gradient. The growth rate is angle dependent. A
comparison with the collisionless kinetic density gradient driven IA instability is also given. © 2010
American Institute of Physics. doi:10.1063/1.3309490
I. INTRODUCTION
Multicomponent plasmas comprise different species that,
in the presence of waves, may be in the state of relative
macroscopic motion. In such a situation, friction between the
species may lead to wave damping though not always, as we
are going to show in the forthcoming text. For example,
neutrals in a weakly ionized plasma represent a barrier for
electron and ion motion in a wave field. A similar friction
appears in a fully ionized plasma when the electron and ion
components do not share the same momentum. The interac-
tion is described by a friction force F j =mjnj jlv j −v l in the
momentum equation for the species j. Momentum conserva-
tion implies that for its counterpart l, F l=mlnlljv l−v j,
where mjnj jl=mlnllj. If the two species j and l have a large
mass difference, the friction response of the heavier compo-
nent is typically omitted as negligible in the literature. How-
ever, this may yield completely wrong results as we shall
demonstrate in the forthcoming text using the ion acoustic
IA mode as an example.
In the presence of high frequency waves i
=eB0 /mi in a plasma placed in an external magnetic field
B 0=B0ez, ions will follow nearly straight lines regardless of
the direction of the wave-number vector k and the magnetic
field vector. For electrons, in view of the mass difference, the
opposite may hold, e=eB0 /me, hence they will behave
as magnetized and their perpendicular and parallel dynamics
will be essentially different.1 Ions can behave as unmagne-
tized in the perturbed state also in case of collisions provided
that ii even if at the same time i, or for short
wavelengths 	i, 	i=vTi /i, and vTi
2
=
Ti /mi. In the
case of an inhomogeneous equilibrium, with a density
gradient perpendicular to the magnetic field vector, in the
unperturbed state the ions may behave as unmagnetized
in the case of a low temperature, when their diamag-
netic drift velocity becomes negligible as compared to
electrons for singly charged ions vi /ve=Ti /Te, where
vj =
Tjnj0 / qjB0nj0, and nj=dnj /dx denotes the equilib-
rium density gradient. The same holds in the presence of
numerous collisions as above, ii, when their diamag-
netic effects are absent too.
In all these situations, and neglecting the electron polar-
ization drift inertialess limit, the wave will still have the
basic properties of the IA mode. Within the two-fluid theory
such a mode in an inhomogeneous plasma that may be
called ion-acoustic-drift mode may in fact grow1–3 in the
simultaneous presence of collisions and the mentioned equi-
librium density gradient perpendicular to B 0.
Within the kinetic theory the mode is also growing in the
presence of the same density gradient and this even without
collisions due to purely kinetic effects and the physics of
the growth rate is similar to the standard drift wave
instability.4 It requires that the wave frequency is below the
electron diamagnetic drift frequency e=vek.
On the other hand, keeping the electron inertia results in
the instability of the lower-hybrid-drift type.5–8 In some other
limits the effects of the same density gradient yield growing
ion plasma Langmuir oscillations5 or growing electron-
acoustic oscillations.6
In the present manuscript the friction force effects on
the IA wave are discussed, both for fully and partially
ionized unmagnetized plasmas, and for inhomogeneous
plasmas with magnetized electrons. The latter implies
growing modes within both the fluid and kinetic descrip-
tions, and in the manuscript these two instabilities are
compared.aElectronic mail: jovo.vranjes@wis.kuleuven.be and jvranjes@yahoo.com.
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II. IA WAVE IN FULLY AND PARTIALLY IONIZED
COLLISIONAL PLASMAS
The equations used further in this section are the mo-
mentum equations for the ions, the electrons and the neutral
particles, respectively
mini t + v i · v i
= − eni   − 
Ti  ni − miniiev i − ve
− miniinv i − vn , 1
mene t + ve · ve
= ene   − 
Te  ne − meneeive − v i
− meneenve − vn , 2
and
mnnn t + vn · vn
= − 
Tn  nn − mnnnnivn − v i − mnnnnevn − ve ,
3
and the continuity equation
nj
t
+  · njv j = 0, j = e,i,n . 4
This set of equations is closed either by using the quasineu-
trality or the Poisson equation. The differences between the
two cases are discussed below.
A. Friction in electron-ion plasma
The continuity Eq. 4 yields
vi1 = ni1/kn0, ve1 = ne1/kn0 , 5
so that the velocity difference in the friction term ve−vi0
if the quasineutrality is used. The IA mode propagates with-
out any damping. Hence, the friction force in a fully ionized
plasma in this limit cancels out exactly even without using
the momentum balance. The physical reason for this is the
assumed exact balance of the perturbed densities: what one
plasma component loses the other component receives; this
is valid at every position in the wave and no momentum is
lost.
A typical mistake seen in the literature is to take the
friction force term for electrons only, in the form meneeive.
This comes with the excuse of the large mass difference, so
that the displacement of the much heavier ion fluid, caused
by the electron friction is neglected. In the case of a fully
ionized electron-ion plasma this yields a false damping of the
IA mode within the quasineutrality limit
 =  kcs
2 + vTi
2 1/2 − ei/2. 6
On the other hand, if the Poisson equation is used instead of
the quasineutrality, one obtains9
 =  kvs1 − rde2 k2ie2 rde2vs2 
1/2
− iierde
2 k2. 7
Here, we have used the momentum conservation ie
=meei /mi and vs
2
=cs
2+vTi
2
, rde=vTe /pe. The physical reason
for damping in the present case is the fact that the detailed
balance ni1=ne1 does not hold because of the electric field
which takes part for small enough wavelengths. It can easily
be seen that for any realistic parameters the second term in
the real part of the frequency in Eq. 7 is much below unity
and the mode is never evanescent. However, in partially ion-
ized plasmas see below this may be completely different.
B. Friction and collisions in partially ionized
plasma
Keeping the quasineutrality limit, we now discuss the IA
wave damping in plasmas comprising neutrals as well. In
view of the results presented above, the electron-ion friction
terms in Eqs. 1 and 2 will cancel each other out, see Eqs.
5, and in a few steps one derives the following dispersion
equation containing the collisions of plasma species with
neutrals and vice versa:
3 + i2enme
mi
+ in1 + mi
mn
n0
nn0
 − k2cs2
− ik2cs
2 me
mn
n0
nn0
en + mi
me
in = 0. 8
In the derivation, the ion and neutral thermal terms are ne-
glected. The ion thermal terms would give the modified
mode frequency 2=k2cs
21+Ti /Te. Hence, even if Te=Ti
the wave frequency is only modified by a factor 21/2. The
neutral thermal terms are discussed further in the text.
Equation 8 is solved numerically for a plasma contain-
ing electrons, protons, and neutral hydrogen atoms using
the following set of parameters: Te=4 eV, n0=1018 m−3,
k=10 m−1, with10 en=1.1410−19 m−2. The neutral den-
sity is varying in the interval 1016–1023 m−3. The ion and
hydrogen temperatures are taken Ti=Tn=Te /20, satisfying
the condition of their small thermal effects. This also gives,11
in=2.2410−18 m−2. The results are presented in Fig. 1.
The IA mode propagates in two distinct regions A and B.
Only a limited left part of the region A would correspond
to the ‘standard’ IA wave behavior in a collisional plasma:
the mode is damped and the damping is proportional to the
neutral number density. Hence, in this region it may be
more or less appropriate to use the approximate expressions
for the friction force, like in the case of electrons
Femen0enve1. However, this domain is very limited be-
cause in the rest of the domain the frequency drops and the
mode becomes nonpropagating for nn03.81019 m−3 this
is the lower limit of the region C in Fig. 1.
Increasing the neutral number density, after some critical
value in the present case this is around nn01020 m−3 the
IA mode reappears again in the region B, with a frequency
starting from 0. For even larger neutral number densities, the
mode damping in fact vanishes completely and the wave
propagates freely but with a frequency that is many orders of
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magnitude below the ideal case kcs196 kHz. This behav-
ior can be explained in the following manner. For a relatively
small number of collisions the IA mode is weakly damped
because initially neutrals do not participate in the wave mo-
tion and do not share the same momentum. Increasing the
number of neutrals, the damping may become so strong that
the wave becomes evanescent. However, for much larger col-
lision frequencies i.e., for a lower ionization ratio, the tiny
population of electrons and ions is still capable of dragging
neutrals along and all three components move together. The
plasma and the neutrals become so strongly coupled that the
two essentially different fluids participate in the electrostatic
wave together. In this regime, the stronger the collisions are,
the less wave damping there is! Yet, this a bit counter-
intuitive behavior comes with a price: the wave frequency
and the wave energy flux becomes reduced by several orders
of magnitude.
Similar effects may be expected by varying the wave-
length. The previous role of the varying density of neutrals is
now replaced by the ratio of the mean free path of a species
 f j =vTj / j with respect to their collision with neutrals and
the wavelength. This ratio now determines the coupling be-
tween the plasma and the neutrals. The mode behavior is
directly numerically checked by fixing nn0=1020 m−3,
n0=1018 m−3, and for other parameters same as above.
For these parameters we have  fe=vTe /en=0.09 m and
 fi=vTi /in=0.004. The numerical results are presented in
Fig. 2 for k varying in the interval 0.2–80 m−1. The
mode vanishes in the interval c, between k10 m−1 and
k25.6 m−1. The explanation is similar as before. Note that
for k=0.2 m−1 in the region a we have r390 Hz, and
this is about one order below kcs. Compared to the mode
behavior in Fig. 1, this implies that the mode in the present
domain a is in the regime equivalent to the domain B from
Fig. 1; here, in Fig. 2, these large wavelengths imply well
coupled plasma-neutrals, where the frequency is reduced and
the damping is small. The region a is also given separately in
linear scale inside Fig. 2 together with the dotted line de-
scribing the ideal mode kcs. Clearly, in general the realistic
behavior of the wave is beyond recognition and completely
different as compared to the ideal case.
After checking for various sets of plasma densities, it
appears that the evanescence region reduces and vanishes for
larger plasma densities n0. This is presented in Fig. 3 for the
same parameters as above in Fig. 1, by taking k=10 m−1,
but for a varying plasma density n0. The two lines in Fig. 3
represent boundary values of the number densities of neu-
trals, for the given plasma density, at which the IA mode
vanishes; for the neutrals densities between the two lines the
IA mode does not propagate. The symbols  on the two lines
denote the boundaries of region C from Fig. 1. It is seen that
ω
| γ |
ω
γ |
FIG. 1. Color online Frequency r and absolute value of the IA mode
damping 		 in terms of the number density of neutrals. Details of the mode
behavior in the region A are better seen in the linear scale small figure
inside.
ω
| γ |
ω
| γ |
FIG. 2. Color online Frequency r and absolute value of the IA mode
damping 		 in terms of the wave-number. The line kcs shows part of the
graph of the ideal mode. Details of the domain a are better seen in the
linear scale small figure inside.
FIG. 3. The two lines give the lower and upper values of the neutrals’
density nn0 between which, for the given plasma density n0, the IA mode
does not propagate.
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for the given case the IA mode propagates without evanes-
cence for the plasma densities above n0=3.81018 m−3.
Physical reason for a larger nonpropagating domain for low
plasma density is obvious, namely, the tiny plasma popula-
tion is less efficient in inducing a synchronous motion of
neutrals. In the other limit, the opposite happens and the
forbidden region eventually vanishes.
A similar check is done by varying the wave-number and
the plasma density, and the result is presented in Fig. 4 for a
fixed nn0=1020 m−3. The lines represent the values n0 ,k at
which the IA wave becomes evanescent. There can be no
wave in the region between the lines. On the other hand,
there is no evanescence for the plasma density above
n0=1.21019 m−3. Here  denote the boundaries of the re-
gion c from Fig. 2. All these results clearly indicate that in
practical measurements in laboratory and space plasmas, the
IA mode can hardly be detected and recognized as the IA
mode unless collisions are correctly taken into account
using full friction terms, and the mode is sought in the
corresponding domain which follows from our Eq. 8.
C. Thermal effects of neutrals
Keeping the pressure terms for ions and neutrals yields
the following dispersion equation:
4 + i3in + enme
mi
1 + mi
mn
n0
nn0
 − k2vs2 + vTn2 2
− ik2
 n0
nn0
mi
mn
vs
2in + enme
mi
 + invTn2 
+ k4vTn
2 vs
2
= 0. 9
Here, vs
2
=cs
2+vTi
2
. Without collisions, this yields two inde-
pendent modes, viz., the ion acoustic mode and the gas
thermal GT mode, 2−k2vTn
2 2−k2vs
2=0. The collisions
couple the two modes, and in order to compare with
the previous cases we solve Eq. 9 for k=10 m−1,
n0=1018 m−3, Te=4 eV, Ti=Te /20, and in terms of the den-
sity and temperature of neutrals. For a low thermal contribu-
tion of neutrals i.e., a low neutral temperature, or/and heavy
neutral atoms the previous results remain valid. Larger val-
ues of vTn introduce new effects, this is checked by varying
the temperature Tn. The ion thermal terms do not make much
difference, as explained earlier. The real part of the fre-
quency g of the GT mode is presented in Fig. 5, and this
only in a limited region that includes the evanescence area C
from Fig. 1. The damping is not presented but the mode is in
fact heavily damped.
The explanation of the figure is as follows. The starting
solution for Tn=0 is in fact the line g=0, and this case
would correspond to the IA mode from Fig. 1. For some
finite Tn there appears the GT mode. For a low gas tempera-
ture the mode becomes evanescent for a higher density of
neutrals the dot and dashed-dotted lines in Fig. 5. This
evanescence is accompanied with the previously discussed
evanescence and reappearance of the IA mode described
earlier and no need to be presented here again. However, for
still larger Tn, the IA and GT modes become indistinguish-
able and propagate as one single mode. This is presented by
the two upper the full and dashed lines in Fig. 5 that go up
for large enough nn0. Also given are the corresponding ideal
values kvTn that appear to be much above the actual wave
frequency g in such a collisional plasma, but this remains
so only until the neutral density nn0 exceeds some critical
value. After that the wave in fact behaves as less and less
collisional and the wave frequency is increased.
III. IA WAVE INSTABILITY IN INHOMOGENEOUS
PARTIALLY IONIZED PLASMA
A. Fluid description in collisional plasma
In the previous text, collisions were shown to yield
damping of the IA mode. However, if the plasma is inhomo-
geneous, implying the presence of source of free energy in
the system, a drift-type instability of the IA wave may de-
FIG. 4. Values of the wave-number, in terms of the plasma density, for
which the IA wave becomes evanescent. In the region between the lines the
mode does not propagate.
ω
FIG. 5. The real part of the frequency of damped GT mode in terms of the
number density of neutrals and for several temperatures of the neutrals gas.
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velop if there is a magnetic field B 0=B0ez only provided
collisions are present and the electrons ions are magne-
tized unmagnetized. The magnetic field introduces a differ-
ence in the parallel and perpendicular dynamics of the mag-
netized species so that the continuity condition in this case
can be written as
nj1
t
+ nj0  · v j1 + v j1 · nj0 = 0. 10
Here, +z. For the unmagnetized species the direc-
tion of the wave plays no role so that → ik and k2=ky2+kz2.
On the other hand, for the equilibrium gradient along
the x-axis and for perturbations of the form fxexp
−it+ ikyy+ ikzz, where 	df /dx / f 	 , 	dnj0 /dx /n0	ky,
we apply a local approximation, and for ions the last term in
Eq. 10 vanishes because of the assumed geometry. The
ions’ dynamics is basically the same as in the previous
sections.
The electron momentum Eq. 2 will now include the
Lorentz force term −eneveB . Repeating the derivation
from Ref. 3, the total perpendicular electron velocity can be
written as
ve =
1
1 + en
2 2/e
2
 1B0ez   + ene B0
−
vTe
2 en
e
2
ne
ne
−
vTe
2
e
ez 
ne
ne
 . 11
In the direction along the magnetic field vector, the perturbed
electron velocity is
vez1 =
ikzvTe
2
en
2 + ne
2
2 − ine
 e1

Te
−
ne1
n0
 . 12
Here, = / + ine, and for magnetized electrons,
	en
2 2 /e
2	1 in the denominator in Eq. 11. Using these
equations in the continuity condition 10 for electrons one
obtains
ne1
n0
=
e + iDp + iDz2 + ne
2 /2 − ine
 + iDp + iDz2 + ne
2 /2 − ine
e1

Te
,
13
Dp = enky
2	e
2
, Dz = kz
2vTe
2 /en, 	e = vTe/e.
The term Dp describes the effects of collisions on the elec-
tron perpendicular dynamics and is usually omitted in the
literature. However, as shown in a recent study,3 it can
strongly modify the growth rate of the drift and IA-drift
wave instability in the limit of small parallel wave-number
kz.
Neglecting the neutral dynamics is equivalent to setting
ne=0. This yields =1, and Eq. 13 becomes identical to
the corresponding expression in Refs. 2 and 12. For a negli-
gible Dp, Eq. 13 becomes the same as the corresponding
equation from Ref. 13. For negligible ion thermal effects, the
final dispersion equation reads
k2cs
2
2
=
e + iDp + iDz2 + ne
2 /2 − ine
 + iDp + iDz2 + ne
2 /2 − ine
. 14
Equation 14 can be solved numerically keeping in mind a
number of conditions used in its derivation, like smallness of
the plasma beta to remain in electrostatic limit, smallness of
the parallel phase velocity as compared to the electron ther-
mal speed because of the massless electrons limit, and also
the ratio Dp /Dz should be kept not too big or too small in
order to have the assumed effects of electron collisions in
perpendicular direction. We plan to compare this collisional
instability with the kinetic instability due to the presence of
the density gradient. Therefore, the wave frequency should
be below the electron diamagnetic frequency, etc.
We solve Eq. 14 for an electron-argon plasma in the
presence of parental argon atoms. As an example we take
Te=4 eV, Ti=Tn=Te /30, n0=1015 m−3, B0=1.210−2 T,
k=500 m−1, Ln=0.05 m, and take several values for the
density of neutrals. The result in terms of the angle of the
propagation =arctankz /ky is presented in Fig. 6. The three
lines full for the real part of the frequency, and dashed for
the growth rates are for nn0=1019,1018,1017 m−3. It is seen
that i the instability is angle dependent and there exists an
angle of preference and an instability window in terms of 
within which the mode is most easily excited, ii this angle
of preference is shifted toward smaller values for lower val-
ues of the neutral density, and iii in the same time the
instability window becomes considerably reduced. This
shows an interesting possibility of launching the IA-drift
wave in a certain direction by simply varying the pressure of
the neutral gas.
Varying the density scale length Ln= dn0 /dx−1 the wave
ω
θ
γ
FIG. 6. Color online The real part of the frequency from Eq. 14 full
lines and the corresponding growth rates dashed lines, both normalized to
the electron diamagnetic drift frequency, for three values of neutral number
density. The lines I, II, and III correspond, respectively, to nn0=1019, 1018,
and 1017 m−3. The line k is the kinetic growth rate from Eq. 19 for the
same parameters as line II.
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frequency may become above e and in this case the insta-
bility vanishes. As an example, this is demonstrated in Fig. 7
for the parameters corresponding to the line II from Fig. 6
and for the angle  at the maximum growth rate. The growth
rate changes the sign for e.
B. Comparison with collisionless kinetic gradient
driven IA wave instability
Keeping the same model of magnetized unmagnetized
electrons ions, within the kinetic theory the perturbed num-
ber density for electrons can be written as14
ne1
n0
=
e1

Te
1 + i2 1/2 − ekzvTe exp− 2/2kz2vTe2  .
15
In the derivation of Eq. 15 the electron Larmor radius cor-
rections are neglected in terms of the type Inbexp−b and
b=k
2 	e
2
, where In denotes the modified Bessel function of
the first kind, order n, and only n=0 terms are kept for the
present case of frequencies much below the gyrofrequency.
The ion number density can be calculated using the ki-
netic description for unmagnetized species, the derivation is
straight-forward and it yields15
ni1
ni0
= −
e1
mivTi
2 
1 − Z ikvTi . 16
Here, Z=  / 21/2cd exp−2 /2 / − is the
plasma dispersion function and =v /vTi. In the case 		1,
and assuming 	Re	 Im, an expansion is used for
Z. This together with the quasineutrality yields the ki-
netic dispersion equation for the IA-drift wave
,k  1 −
k2cs
2
2
−
3k4vTi
2 cs
2
4
+ i/21/2
 − ekzvTe exp− 2/2kz2vTe2 
+
Te
Ti

kvTi
exp− 2/2k2vTi
2  . 17
The real part of Eq. 17 yields the spectrum
k
2
=
k2cs
2
2
1 + 1 + 12Ti/Te1/2 . 18
The kinetic growth rate is given by
k  − Im / Re /
= −
/21/2k
3
2k2cs
2  k − ekzvTe exp− k2/2kz2vTe2 
+
Te
Ti
k
kvTi
exp− k
2/2k2vTi
2  . 19
Here, the index k is used to denote kinetic expressions. The
electron contribution in Eq. 19 yields a kinetic instability
provided that ke.
Equation 19 is solved numerically and compared with
the growth rate obtained from the collisional IA-drift mode
8. For a fixed k=500 m−1 as in Figs. 6 and 7, the normal-
ized frequency k /e=0.485, and the result for the growth
rate is presented by the line k in Fig. 6 for the parameters
corresponding to line II from the fluid analysis i.e., for
nn0=1018 m−3. The larger kinetic growth rate appears also
to be angle dependent, yet with a much wider instability
window as compared to the collisional gradient driven insta-
bility obtained from the fluid theory.
IV. SUMMARY
The analysis of the IA wave presented here shows the
importance of collisions in describing the wave behavior.
Without a proper analytical description, the identification of
the mode in the laboratory and space observations may be
rather difficult because one might fruitlessly search for the
wave in a very inappropriate domain, as can be concluded
from the graphs presented here, and in particular from Fig. 2.
Not only the wave frequency may become orders of magni-
tude below an expected ideal value, but also the mode may
completely vanish. A similar analysis of the effects of colli-
sions may be performed for other plasma modes as well, like
the Alfvén wave, etc., as predicted long ago in classic Ref.
16. The impression is that these effects are frequently over-
looked in the literature, hence the necessity for the quantita-
tive analysis given in the present work that can be used as a
good starting point for an eventual experimental check of the
wave behavior in collisional plasmas. Particularly interesting
for experimental investigations may be the angle dependent
mode behavior given in Sec. III, where it is shown that the
strongly growing mode may be expected within a given nar-
row instability window in terms of the angle of propagation.
Comparison with the kinetic theory shows a less pronounced
ω
ω
γ
FIG. 7. Color online The real and imaginary parts of the frequency for line
II from Fig. 6, in terms of the characteristic density inhomogeneity scale
length Ln= dn0 /dx−1, and for the angle  at the maximum on Fig. 6.
1-6 J. Vranjes and S. Poedts Phys. Plasmas 17, 1 2010
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
angle dependent peak, yet this kinetic effect can effectively
be smeared out in the presence of numerous collisions that
are known to reduce kinetic effects in any case, and the sharp
angle dependence that follow from pure fluid effects should
become experimentally detectable.
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